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Abstract. We explore the idea of abstracting the jigsaw puzzle prob-
lem as a consistent labeling problem, a classical concept introduced in
the1980 s by Hummel and Zucker for which a solid theory and powerful
algorithms are available. The problem amounts to maximizing a well-
known quadratic function over a probability space which we solve using
standard relaxation labeling algorithms endowed with matrix balancing
mechanisms to enforce one-to-one correspondence constraints. Prelimi-
nary experimental results on publicly available datasets demonstrate the
feasibility of the proposed approach.

1 Introduction

Jigsaw puzzles were introduced in the1760s as children’s games but despite their
playful origins they can be encountered today in many application areas, such as
image reconstruction, the reassembling of broken artifacts, shredded documents,
etc. [4,6]. In its simplest form, what is now known as the square jigsaw puzzle
problem consists of reordering a set of square pieces on a 2D grid in such a
way as to form a perceptually coherent picture or, more formally, to find a
permutation that encodes such a reordering. Although the problem is known
to be NP-complete [5], it has attracted much attention in the past few years,
employing computational schemes as varied as greedy algorithms, functional
optimization and machine learning (e.g., [1–3,7,8,12,14,16,18]).

In this paper, we take a different route and explore the idea of abstracting
the jigsaw puzzle problem as a consistent labeling problem, a class of problems
widely studied in the computer vision and pattern recognition communities since
the 1970s [9,15]. Attempts at formalizing the notion of a consistent labeling
culminated in a seminal paper by Hummel and Zucker [10] who, motivated by
the theory of variational inequalities, developed a formal theory of consistency
that later turned out to have intimate connections with non-cooperative game
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theory [11]. The theory generalizes classical (boolean) constraint satisfaction
problems to scenarios involving “soft” compatibility measures and probabilistic
(as opposed to “hard”) label assignments. Within this framework, under a certain
symmetry assumption, consistent labelings also turn out to be equivalent to local
solutions of a linearly constrained quadratic optimization problem.

In our formulation, the jigsaw puzzle problem is viewed as the problem of
finding a consistent labeling satisfying certain compatibility relations, with an
additional requirement for one-to-one correspondences between the puzzle’s tiles
and their positions. We solve the problem using classical relaxation labeling algo-
rithm which enjoys nice theoretical properties [13] and offers the advantage of
avoiding ad hoc projections and problematic step size choices. To enforce the
one-to-one constraints we endow the algorithm with two “matrix balancing”
mechanisms, one based on the well-known Sinkhorn-Knopp procedure and the
other inspired by von Neumann’s method of alternating projections. Related
to our work is the jigsaw puzzle problem formulation suggested by Andaló
et al. [1], where a similar quadratic objective function is optimized with a dif-
ferent gradient-projection technique.

We conducted some preliminary experiments aimed at testing the plausibil-
ity of the proposed approach. We first show that in the presence of an ideal, or
“oracle” compatibility measure, the “plain” relaxation labeling algorithm (that
is, without enforcing one-to-one correspondence between pieces and locations) is
always able to return perfect reconstruction results. We then show how perfor-
mance deteriorates as we move away from this ideal setting, thereby demonstrat-
ing the necessity of the balancing operation. We conclude with experiments using
real-world compatibilities on two publicly available (scaled) datasets, which show
the feasibility of the proposed combined technique.

2 Relaxation Labeling for Consistent Labeling Problems

Suppose we are given a set of objects B = {b1, . . . , bn} and a set of labels Λ =
{λ1, . . . , λm}, and our goal is to assign a label to each object in B. Numerous real-
world problems, typically discrete in nature, can be abstracted in this way, where
label assignments for object bi can be represented by a probability distribution
pi over all possible labels. Formally, pi ∈ Δm, where

Δm =

{
x ∈ R

m | xλ ≥ 0 ∧
m∑

λ=1

xλ = 1

}
(1)

is the standard m-dimensional simplex and piλ is the probability of object bi

to “choose” label λ. Aggregating all pi, the vector p =
[
p1 . . .pn

]
is a “soft”

labeling assignment for all objects, residing in the multidimensional standard
simplex Δn×m = Δm × · · · × Δm, and thus may be represented as a labeling
matrix of n rows and m columns.

An initial labeling assignment can originate from local measurements that
capture the relevant features of individual objects when considered in isolation.
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Such local measurements typically provide imperfect labeling assignments, a
state of affairs that relaxation labeling processes seek to improve progressively.
A major source of information that is utilized in such processes is contextual
information, a prior that reflects the structure of the problem through compat-
ibility relations about the assignment of labels in different objects. Contextual
information is quantitatively expressed with a matrix of compatibility coeffi-
cients R = [rijλμ], where rijλμ measures the strength of compatibility between
the hypotheses “bi has label λ” and “bj has label μ”.

The compatibility model R is considered “contextual” because it naturally
leads to measures of contextual support, i.e., how much the context supports
the assignment of a particular label λ to object bi. The “context” in this case
is considered the labels assigned to all other objects, and following the classic
relaxation labeling theory [10] it is defined as

qiλ =
∑
j,μ

rijλμpjμ. (2)

By properly weighting and combining the support of all labels at all objects, one
can also quantify the average (or total) support of the assignment

A(p) =
∑
i,j

∑
λ,μ

rijλμpiλpjμ, (3)

a measure termed average local consistency [10].
Using these tools, it remains to describe what labeling assignments should

be the “desired” goal of relaxation labeling processes. To this end, Hummel and
Zucker [10] defined a labeling assignment p to be consistent if for all v ∈ Δn×m

m∑
λ

piλqiλ ≥
m∑
λ

viλqiλ ∀i = 1, . . . , n (4)

and showed that if the matrix R is symmetric, then any (local) maximizer
p ∈ Δn×m of A(p) is consistent. Put differently, a labeling assignment p that
maximizes the average local consistency A(p) represents a consistent labeling. A
process that relaxes a given inconsistent assignment towards a more consistent
one (and with higher average local consistency) will intuitively care to increase
piλ when qiλ is high and decrease it when qiλ is low. Indeed, one of the best
known update rules is defined by the following iterative procedure [13,15]:

piλ(t + 1) =
piλ(t)qiλ(t)∑
μ piμ(t)qiμ(t)

∀i, λ (5)

where the nominator formalizes this intuition and the denominator projects the
result to the multi-simplex. Importantly, this update rule does not require the
problematic choice of a step size and theoretical analysis has proven that under
non-negativity and symmetry conditions on R it is guaranteed to converge to a
consistent labeling [13] (and thus locally maximizes the A(p) term [10]).
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Summarizing the discussion above, the relaxation labeling algorithm takes
as input an initial labeling assignment, progressively updates it according to the
update rule (that in turn is intimately related to the compatibility model R),
and converges to a consistent labeling. Ultimately, one may wish to set the ini-
tial labeling assignment in an informative way (i.e., in a way that reflects prior
knowledge about the instance of the problem at hand). However, if no such
knowledge is available, it is possible to initialize p(0) to the uniform probabil-
ity mass function, or the barycenter of the multidimensional simplex, namely
piλ(0) = 1

m for all i and all λ.

3 Relaxation Labeling Algorithm for Puzzle Solving

We propose to cast jigsaw puzzle solving as a consistent labeling problem defined
as above. Here, the set of objects B represents the puzzle pieces, the labels Λ
are the relevant positions in the reconstruction plane, and the task is to assign
a different position from Λ to each puzzle piece from B. Note that in such
an abstraction, the label-object representation can be easily exchanged to seek
an assignment of a different piece to each possible position. In either case, not
every assignment is admissible for puzzle solving, as one must seek a permutation
matrix p that reorders the pieces to the correct positions.

While there is no guarantee that the relaxation labeling process always con-
verges to the correct permutation matrix, under conditions of “ideal” compati-
bilities this is empirically the case, as is the observation that the average local
consistency then assumes a global maximum (cf. Sect. 5.1).

When the relaxation algorithm is equipped with imperfect (noisy, or wrong)
compatibilities, it may fail to recover a permutation. Indeed, the relaxation label-
ing update rule from Eq. (5) guarantees that p is a stochastic matrix (i.e., rows
sum to 1) but does not enforce the same constraint for its columns. Therefore,
the optimization process can converge to a consistent labeling that does not rep-
resent a permutation, leading to a solution where multiple pieces are assigned
to the same position while other positions remain vacant. To alleviate this prob-
lem, we endow the relaxation process with matrix balancing steps that encourage
convergence into a permutation matrix. Two such steps are explored:

Sinkhorn-Knopp Balancing: The Sinkhorn-Knopp (SK) algorithm [17] trans-
forms a given non-negative square matrix to a related doubly stochastic matrix,
with all rows and columns summing up to 1. This is done by alternately normal-
izing the rows and columns. Starting from an initial point p(0), the balancing is
performed according to:

p(t) = Tc(Tr(p(t − 1)) (6)

where p is a n-dimensional square matrix and Tc and Tr are respectively column-
and row-wise normalization matrix operators. Under some assumptions one can
show that the process converges to a doubly stochastic matrix. SK is incorpo-
rated in our algorithm as an additional balancing step applied after the update
rule in each iteration.
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Alternating Projections: Since the native relaxation labeling update rule normal-
izes the rows of the assignment matrix but not the columns, and since objects
and labels in the puzzle solving abstraction are interchangeable (see above), it
is tempting to switch the role of pieces (objects, rows) and positions (labels,
columns), thereby switching between row and column normalization every step
of the process. Computationally, this is done by alternately switching between
Eq. (5) and the following update rule:

piλ(t + 1) =
piλ(t)qiλ(t)∑
j pjλ(t)qjλ(t)

∀i, λ (7)

and keep doing so until convergence. In practice, we start this procedure only
after t steps, where only Eq. (5) is applied.

4 Compatibility Measure

A key component in all jigsaw puzzle solvers is a pairwise compatibility measure
CR(i, j) that quantifies the affinity between pieces i and j when placed adjacent
to each other with spatial relationship R ∈ {left, up, right, down}. This notion of
compatibility can be extended naturally into a relaxation labeling compatibility
after defining non-neighbor positions and self-comparison cases properly. We
thus formalize R as follows:

rijλμ =

{
CR(i, j) (i �= j) ∧ (λ, μ are adjacent locations in relation R)
0 otherwise

. (8)

Clearly, CR(i, j) can be measured in numerous different ways, as indeed dis-
cussed in many previous papers. While this choice is not central to our work,
here we measure piece affinity by computing the dissimilarity between the abut-
ting boundary pixels of two adjacent pieces. Even this particular approach can
be implemented in many different ways, and here we adopt the improved Maha-
lanobis Gradient Compatibility (MGC) originally developed by Gallagher [7]
and further improved by Son et al. [18], that considers both the color differences
across pieces borders and the directional derivative differences along the borders.

Assuming for example that the two candidate pieces are positioned such that
piece i is placed to the left of piece j. We first define a dissimilarity measure
ΓR(i, j):

ΓR(i, j) = DR(i, j) + DL(j, i) + D′
R(i, j) + D′

L(j, i). (9)

The first two terms, DR and DL, penalize the changes in the pixel values across
the boundary in the following way:

DR(i, j) =
S∑

s=1

(Λ(ij)
R (s) − E

(ij)
R (s))V −1

iR (Λ(ij)
R (s) − E

(ij)
R (s))� (10)

where E
(ij)
R (s) is the expected change across the boundary, Λ

(ij)
R (s) is the

pixel intensity change across the boundary and ViR is a sample covariance calcu-
lated from samples {i(s, S)− i(s, S −1)), s = 1, 2, ..., S}, where S is the length of
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the piece board. D′
R and D′

L are calculated in similar manner, replacing i(u, v)
with the directional derivatives δ(u, v) = i(u, v)−i(u−1, v). Please refer to [7,18]
for additional information.

With the dissimilarities obtained, we next convert them to normalized com-
patibility values by (a) dividing them by the K smallest dissimilarity and reflect-
ing about 1, and (b) rectifying at zero as only positive scores are considered
useful. Formally,

CR(i, j) = max
(

1 − ΓR(i, j)
KminR(i)

, 0
)

(11)

where KminR(i) is the K-min value of the dissimilarity between all other pieces
in relation R to piece i. The smaller the value of K, the more sparse CR(i, j)
becomes, leading to a sparser R matrix and, generally speaking, a more efficient
relaxation labeling process.

To further sparsify the compatibility matrix, we adopt the best buddies con-
cept from Pomeranz et al. [14]. We set the compatibility of any two best buddies
to perfect compatibility (i.e., 1), and zero the compatibility values of all other
non-best-buddy matches with respect to each of the two best buddies. We term
this step the sparsification of the compatibility matrix, and experiment both
with and without it.

5 Experimental Evaluation

5.1 Experiments with Oracle Compatibilities

In order to explore the effectiveness of our solver, we first tested the proposed
algorithm using a synthetically generated ideal compatibility, dubbed oracle
compatibility and defined as follows:

C
(oracle)
R (i, j) =

{
1 if i, j are the correct neighbors in relation R
0 otherwise

. (12)

We tested the relaxation labeling algorithm with this oracle compatibility on
a puzzle of 540 pieces and examined its performance with and without balancing.
All solvers have been executed with no-prior knowledge, i.e., using the barycenter
of the standard multidimensional simplex as initial point. When used, we started
the balancing algorithm after t = 10 iteration of relaxation labeling, to let the
latter process first propagate the information without any constraint. We set
the maximum number of iterations T = 200, without reaching it in none of the
cases, meaning that the solvers always converged. Figure 1 shows the behavior
of the average local consistency function along the iterations. The experiment
demonstrates that each proposed strategy does reach a maximum and therefore
a consistent labeling, which corresponded to the correct permutation solving the
synthetic puzzle. As can be observed, endowing the procedure with either of
the balancing components significantly expedited the convergence by forcing the
optimization process towards doubly stochastic matrices early on.
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Fig. 1. The average local consistency over the relaxation labeling iterations with oracle
compatibilities; solid lines - ideal oracle compatibility, dashed lines - “noisy” oracle
compatibility with σ = 0.02.

Fig. 2. Drop in accuracy of our solvers due to the perturbation of oracle compatibility;
solid lines - results with sparsification, dashed lines - results without sparsification.

In real-world puzzles, however, it is of course difficult to guarantee an ideal
oracle compatibility, so we verified the robustness of the proposed solvers by per-
turbing all coefficients with additive Gaussian noise ε ∼ N (0, σ2) for increasing
values of standard deviation σ, ranging in (0, 0.1] for the experiments without
the sparsification technique and in (0, 0.2] for experiments with sparsification.
In such cases, we applied the sparsification technique described in the previous
section, setting K = 5. We assessed the performance of the three solvers using the
Direct Comparison metric [2] which measures the ratio of pieces placed in correct
position compared to the ground-truth. As Fig. 2 shows, the performance drops
immediately unless balancing is incorporated. Moreover, with sparsification, the
performance persists for much higher levels of noise, signifying the importance
of this computational component. Such experiments show that the relaxation
labeling scheme for consistent labeling is able to address the puzzle solving task
quite effectively, and that the reliability of the compatibility function is a crucial
aspect for the correctness of the solution.
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5.2 Experiments with Natural Images

The quality of the compatibility computed for natural images depends on sev-
eral factors that can be divided into two categories: the image content, that
might make the assembling process particularly challenging, like the presence of
repetitive patterns or large regions with homogeneous color, and the puzzle size
that, when large, may lead to less informative pieces increasing the ambiguity
in the compatibility computation. For these reasons, the compatibility measure
should be sensitive enough to capture small differences between pieces. The dis-
similarity measure that we chose for our procedure (cf. Section 4) is empirically
demonstrated to be more reliable with respect to other measures proposed in
the literature [18].

Fig. 3. Qualitative reconstruction performance of three images: (left) shuffled puzzles,
(middle) results by SK balancing, (right) results by alternating projections. Purple
areas represent vacant positions.

As dissimilarity measures incorporate more pictorial information for larger
piece sizes, we tested the algorithm on the up-scaled versions of widely used
datasets. Scaling was done by applying bicubic interpolation with a scale factor
of 2, resulting in doubling the number of pixels involved in each dissimilarity
computation, without changing the puzzle size. It should be noted that the
quality of the obtained results, which is better when compared to the non-scaled
results, is likely improved by the interpolation computation, which leaks infor-
mation between pieces and thus raises the similarity of boundary pixels across



400 M. Khoroshiltseva et al.

neighboring pieces. Moreover, we emphasize that since the results were obtained
for scaled datasets, they are not directly comparable with results obtained for
the original datasets.

We tested the algorithm on the 20 scaled puzzles of 432 pieces from the MIT
dataset presented by Cho et al. [2] and on the 20 scaled puzzles of 540 pieces from
the McGill dataset, proposed by Pomeranz et al. [14]. In both datasets, piece
size was scaled from 28 × 28 to 56 × 56 pixels, and the RGB color space was
used in dissimilarity computations. All experiments refer to puzzles with known
piece orientation. Both datasets are widely used as performance benchmarks and
contain several images for which a good reconstruction is challenging. Some of the
images contain horizontal and vertical lines that may be aligned with pieces edges
and distort the compatibility; other images contain repetitive texture patterns
(e.g., wall, grass) or homogeneous regions (e.g., sky, water) that may generate
numerous false positive compatibilities.

Aside from the Direct Comparison metric, we adopt two other measures to
assess solvers performance: the Neighbor Comparison metric [2] that measures
the ratio of correctly assigned neighbors in the solution, and the Perfect Recon-
struction metric [7] that is a binary indicator of whether all pieces are in the
correct position.

As Table 1 shows, the relaxation labeling algorithm (with balancing) can han-
dle real-world compatibilities and solve real puzzles in most cases. At the same
time, the datasets contain some images that generate multiple false compatibil-
ities that affect the quality of the solution obtained. Figure 3 shows one such
problematic image where an admissible reconstruction was not obtained due to
the presence of large white regions. Nevertheless, the main part of the puzzle is
solved correctly. Analyzing the different versions of the puzzle solver it is evident
that consistent labeling via relaxation labeling is a viable substrate for solving
scaled natural image jigsaw puzzles, that however requires either highly predic-
tive compatibility, or more realistically, the incorporation of balancing in the
update rule. Empirically, both balancing methods we experimented with exhib-
ited reliable performance, with SK reaching better performance than alternating
projections.

Table 1. Reconstruction performance of puzzles from the MIT and McGill datasets
(note that we used a scaled version of the original images; see text for explanation).

Solvertype MIT (scaled) McGill (scaled)

Direct Neighbor Perfect Direct Neighbor Perfect

RL without balancing 28% 33% 0/20 28% 32% 0/20

RL with SK balancing 91% 95% 15/20 98% 99% 15/20

RL with alternating projections 91% 93% 11/20 94% 95% 10/20
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6 Conclusions and Future Work

In this work we have devised a new principled method to solve jigsaw puzzles, and
presented a set of preliminary experiments attesting its plausibility. As a next
step to further explore the potential of the proposed method, its known fragilities
(such as with puzzles with homogeneous pieces) should be studied and addressed,
so it can be compared to previous methods on non-scaled datasets. Moreover,
a natural extension is enforcing the balancing step by directly embedding it
in the update rule, devising optimization and relaxation labeling schemes more
suitable for puzzle solving. As a further step, we are interested in devising new
theoretical results pertaining the puzzle solving framework, as presented here,
in the presence of regular (or almost regular) compatibility matrices. Finally,
from the theoretical and practical results, it appears clear that the compatibility
measure must be improved: to this end, we believe that the use of automatic
feature extractors such as neural networks, with the recent advent of self-training
techniques, represents an interesting branch of research to be explored.
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